We solve the dilaton field equation in the background of a spherically symmetric black hole in bosonic or heterotic string theory with curvature-squared corrections in arbitrary d spacetime dimensions. We then apply this result to obtain a spherically symmetric black hole solution with dilatonic charge and curvature-squared corrections in bosonic or heterotic string theory compactified on a torus. For this black hole we obtain its free energy, entropy, temperature, specific heat and mass.
Introduction
Black holes have been over the last years in many ways the best object of predictions from string theory. Some of such predictions are based on considering stringy effects, and how they affect the classical black hole solutions and their properties.
A frequently considered stringy effect is the result of corrections in the inverse string tension (α ′ ) in the form of higher-derivative terms in the effective action. Curvature-squared corrections to spherically symmetric d−dimensional black holes in string theory were first discussed in [1] . This article only addresses the effect of the α ′ corrections; no other string effects are considered. More recently, article [2] considers other typical stringy effects, namely string momentum and winding after compactification of a fundamental string on an internal circle and T -dualization.
In this article we wish to study the effects on spherically symmetric black holes of string compactification on a torus from 10 (or 26) to arbitrary d dimensions. In such compactification, one must pass to the string to the Einstein frame, by a conformal transformation on the original 10 (or 26) dimensions involving the dilaton field. Therefore we need to be in the presence of a dilaton field. We must then determine the solution to the dilaton in the background of a spherically symmetric black hole. We show that the dilaton vanishes classically and, therefore, one must really consider higher-curvature terms. This result had already been anticipated in [1] , where the authors take black holes directly in d dimensions and just suggest, but do not fully consider, the effects of string compactification and of the presence of the dilaton.
The article is organized as follows: in section 2, we will solve the dilaton field equation, in the background of a spherically symmetric black hole in d dimensions, in the presence of curvaturesquared corrections. Next, in section 3 we find out how the presence of such dilaton actually changes the black hole in bosonic or heterotic string theory, by considering such strings compactified on a torus. Finally we derive some thermodynamical properties of such black hole solution (free energy, entropy, temperature, specific heat and mass), which we compare to the equivalent results of the similar (nondilatonic) solution of [1] .
2 The dilaton in the background of a d−dimensional black hole with R 2 corrections
The most general static, spherically symmetric metric in d spacetime dimensions can be written in spherical coordinates as
f, g are arbitrary functions of the radius r; d
i is the element of solid angle in the (d − 2)−sphere. For pure Einstein-Hilbert gravity in vacuum, the solution to the Einstein equations gives [3] 
r H being the horizon radius. This is the d−dimensional extension of Schwarzschild's solution.
We are interested in extending this solution in the presence of a dilaton, but considering stringtheoretical α ′ corrections. We are focusing in particular in R µνρσ R µνρσ corrections, to first order in α ′ , which are present in bosonic and heterotic string effective actions (but not on type II superstring) [4] . The effective action we are thus considering, in the Einstein frame, is
Here
and 0, for bosonic, heterotic and type II strings, respectively. We are only considering gravitational terms: we can consistently settle all fermions and gauge fields to zero for the moment. That is not the case of the dilaton, as it can be seen from the field equations (neglecting terms which are quadratic in φ):
From (4), a constant-dilaton solution would imply the vanishing of the source term R µνρσ R µνρσ : φ = 0 is a consistent solution only if one takes λ = 0. This is the solution for φ we take at this order. For the particular, spherically symmetric case we are considering, we take (1) with f (r) = g(r) given by (2) as the λ = 0 metric. We are interested in computing the first α ′ corrections to φ and g µν , using (4) and (5) and always working perturbatively in λ, neglecting λ 2 and higher order terms. In order to avoid ghosts, the gravitational correction should in principle be given by the GaussBonnet combination R 2 GB := R µνρσ R µνρσ − 4R µν R µν + R 2 but, since we are only interesting in computing first-order perturbative in α ′ corrections to a classical solution, one can neglect the Ricci terms in the low-energy effective action, which from (5) would only contribute at a higher order in α ′ ; also, as a simple computation shows, for the particular solution (2) which we take as a background both terms are equivalent, since for this case one has 4R µν R µν ≡ R 2 and, therefore,
We can take the λ = 0 metric in (4) in order to compute both ∇ µ ∇ µ φ(r), since φ is of order λ, and R µνρσ R µνρσ (given in (6)), since this term is already multiplied by λ. Putting everything together, we write (4) as
which we simply integrate to obtain
The integration constant Σ, as will become clear below, is the dilatonic charge. Integrating again, and defining the incomplete Euler beta function as B(x; a, b) =
At asymptotic infinity this solution is approximately given by
which is the asymptotic limit found in [5] . This solution depends on another parameter, the dilatonic charge Σ, besides the black hole parameters r H and λ, which could in principle be a sign for primary hair. However, having a black hole solution means one only has a coordinate (but not curvature) singularity at the horizon. From the dilaton field equation (4), then, also φ(r) and φ ′ (r) must be nonsingular at r H . From (8) we see that, in order to avoid φ ′ becoming infinite at r = r H , one must choose an adequate value for Σ, given by
Equation (9) with Σ given by (11) is the solution for the dilaton in the background of a spherically symmetric black hole with R µνρσ R µνρσ corrections in d dimensions. This dilaton solution acts as secondary hair, since it does not introduce any new physical parameter besides the ones of the black hole. The parameter 1 In particular, for d = 4 our solution matches perfectly the result of [7] , as it should. At the horizon, φ is indeed regular and given by
explicitly on γ and ψ (0) 2 d−3 , but for d = 4, 5 this dependence can always be eliminated. The same is true in general for other expressions that we will meet later.
From (8) and (11), the derivative of the dilaton is given by
, a strictly positive function for r > r H ; we conclude that, outside the horizon, φ grows between φ (r H ) given by (12) and 0, its value at infinity. The article [1] determines the equivalent dilaton solution in the string frame, where the field equations for the dilaton are different than in the Einstein frame we are considering. The final 1 It is interesting to notice that exactly the same argument can be used to show that, also for toroidally compactified string theory, finite-horizon-area black holes which are asymptotically flat only exist (in the supergravity approximation, without α ′ corrections) for d = 4, 5. In such approximation, one has grr = 1 +
. Solutions obtained by string theory compactifications always give a positive integer as an exponent; therefore, in the same way
must be an integer. See [6] , chapter 11. 2 The digamma function is given by ψ(z) = Γ ′ (z)/Γ(z), Γ(z) being the usual Γ function. For positive n, one defines
This definition can be extended for other values of n by fractional calculus analytic continuation. These are meromorphic functions of z with no branch cut discontinuities.
γ is Euler's constant, defined by γ = limn→∞ n k=1
1 k − ln n , with numerical value γ ≈ 0.577216.
expression is relatively complicated; since we don't need it here, we refer to the appendix of [1] . The two solutions can be mapped by a transformation of the horizon radius and are equivalent up to a shift by a constant value which depends on d. (The horizon radii are different in the two frames; the relation between them can be seen explicitly in [2] .) Because of such shift, the solution (9) we present here, besides being more concise and elegant, is the one which is normalized to vanish asymptotically, according to (10).
3 A black hole solution with R 2 corrections for toroidal compactifications It would be interesting to obtain the α ′ −corrected black hole solution coupled to the α ′ −corrected dilaton. In ref. [5] only approximations (at asymptotic infinity and close to the horizon) are obtained. But in this article the authors consider a primary-hair kind of dilaton, like (10), but with Σ as an independent parameter. The dilaton solution of [5] seems to be nonvanishing already at order λ = 0, but the true physical solution (the only one which is nonsingular at the horizon) is the one we have taken, with Σ given by (11). Because Σ depends on λ, this solution vanishes at order λ = 0. Having a nonvanishing dilaton only at order λ means that, when solving the field equations, one can discard several terms depending on φ in the perturbative expansion, which were not discarded in [5] .
The article [1] presents the λ−corrected metric, for the system we are considering, in the Einstein frame, in a system of coordinates such that the horizon radius r H is fixed and has no α ′ corrections. The result (the Callan-Myers-Perry solution) is of the form (1), with f (r) = g(r) ≡ g CMP (r), where
This article [1] only considers (bosonic and heterotic) string theory black hole solutions on arbitrary spacetime dimensions in the presence of a dilaton. No other string effects are considered. Recently, the article [2] has considered black holes in any dimension formed by a fundamental string compactified on an internal circle with any momentum n and winding w, both at leading order and with leading α ′ corrections, by adding an additional coordinate to the solution of [1] , boosting along this direction, reducing again to d dimensions, T -dualizing (to change string momentum into winding) and then boosting one other time to add momentum charge. Einstein-Maxwell-dilaton black holes with R 2 corrections in any dimension have been considered in [8] . But no solution considers the effects of string compactification from 10 or 26 to d dimensions.
String theories live in d s dimensions, with d s = 26 for bosonic and d s = 10 for heterotic strings. When one talks about a black hole in string theory in d dimensions, the original d s -dimensional spacetime must have been compactified on some (d s − d)-dimensional manifold, with internal coordinates y m and internal metric g mn (y). When passing from the string to the Einstein frame, one needs a transformation under which
If one takes this as a conformal transformation of the entire d s −dimensional metric (rather than just on the d−dimensional black hole part, as it was done in [1] to obtain (13)), it involves the total dilaton field Φ, including the Kaluza-Klein part depending on the internal coordinates y m (rather than just the d−dimensional part φ as we have been considering). This way the size of the compact space becomes spatially varying, being governed by a function h. The total metric is then of the form
Taking the field equations for the whole spacetime, the compact space and the black hole are no longer decoupled, due to the term g µν R ρσλτ R ρσλτ in (5) . In order to avoid this problem, we take the internal space to be a flat torus, with vanishing internal curvature to leading order. If this is the case, the function h can be shown to depend only on the d−dimensional part of the dilaton φ, i.e. h = h(φ).
The solution (15) to (5) is then [1] 
with g(r) being equal to g CMP (r) given by (13). Explicitly, using the dilaton solution (9) for φ,
As one sees from (17), when d = d s one has f (r) = g(r). This is to be expected: in this case there is no compactification, and (15) reduces to (1), with f (r) = g(r) = g CMP (r) given by (13).
Thermodynamical properties
In this section, we compute several thermodynamical quantities for the black hole solution we have just found. In each case we compare the result to the corresponding one of the solution (13) obtained in [1] , since the parameters are the same. This way we can evaluate the physical effects introduced by the toroidal compactification. The free energy of the black hole solution (17) is obtained from the euclideanized Einstein-frame action (3), to which one adds a surface term consisting of an integral (on the boundary) of the trace of the second fundamental form, subtracted by the same trace for the boundary embedded on flat space, to render the total surface contribution finite. This surface term also includes contributions for the higher-derivative terms, but these contributions do not affect this calculation. Also, there exists a choice of fields such that all the terms in the euclidean action directly involving the dilaton, the Kaluza-Klein scalar and the (d S − d)−torus metric are of order λ 2 and can, therefore, be neglected. This means in particular that the result for the free energy for our solution is the same that for the solution (13), whose calculation is described in [1] ; the result is (
being the area of the unit (d − 2)−sphere) [2] 
The entropy of this black hole solution can be obtained by Wald's formula [9] 
since from (3) we are dealing with a lagrangian L with higher derivatives. H is the black hole horizon, with area A H = r d−2
H Ω d−2 and metric h ij induced by the spacetime metric g µν . For the metric (15), the nonzero components of the binormal ε µν to H are ε tr = −ε rt = − g f . From (3) one also needs
This way, taking only nonzero components, one gets from (15)
Because the λ-correction to the entropy depends only on the λ = 0 part of the metric, it is no surprise that this same result was obtained (by a different process, though, and for a metric (13) with a different α ′ correction) in [1] . In order to compute the black hole temperature, one first Wick-rotates the metric (15) to Euclidean time t = iτ . The resulting manifold has no conical singularities as long as τ is a periodic variable, with a period β related to the black hole temperature as T = 
We have checked that δT and, therefore, the correction term to the temperature, are always negative: It is interesting to compare the value δT (d, d s ) we obtained with the corresponding one for the noncompactified solution (13) from [1] . For this solution, the temperature is given by
We have checked that
, i.e. the decrease in T due to α ′ corrections is larger for (17) than for (13), for every relevant values of d and d s . The only exception is precisely when
, for the reasons we have already mentioned.
The specific heat is given by
. In our case, one is left with
We checked that δC(d, d s ) is always positive for every relevant value of d and d s , which means α ′ -corrected black holes keep being thermodynamically unstable.
For the noncompactified solution (13), the specific heat is given by represents the leading term in a series, but it does not represent by itself a string correction to r H .
For all these expressions (29)-(35), the same warning we made for (28) applies: they are exact just for λ = 0 (involving just the classical quantities, without any α ′ corrections). Beyond the classical limit, these expressions just give an indication of the first-order (in terms of mass or temperature) terms of unknown functions, whose full expressions could only be determined if we knew all these quantities to all orders in α ′ . The true first-order corrections in α ′ are those given in equations (19)-(27), in terms of λ/r 2 H , whose signs and magnitudes we analyzed.
Conclusions
In this work, we derived the spherically symmetric solution to a dilaton in the presence of a black hole in string theory with curvature-squared corrections in d spacetime dimensions. We then obtained a spherically symmetric black hole solution with dilatonic charge and curvature-squared corrections from compactified string theory in d dimensions, and we computed its free energy, entropy, temperature, specific heat and mass. We compared the magnitude of the α ′ corrections to these quantities to the ones corresponding to the noncompactified solution (13) from [1] , in order to estimate the effects of string compactification. Free energy is decreased and entropy is increased with α ′ corrections; the magnitude of the corrections is the same as in the solution (13). Also like in (13), the temperature decreases and the specific heat becomes more negative, but in our case the effects of the α ′ corrections are strengthened. The α ′ corrections to the mass, on the contrary, are weakened in comparison to (13) (whose value for the mass is always increased), and for a few values of d they even mean a decrease in M.
In a future work we plan to study some other features of this black hole, like its stability and scattering of gravitational waves.
